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Exercise 8

In Exercises 6 through 11, use the formal method, involving an infinite series of residues and
illustrated in Examples 2 and 3 in Sec. 89, to find the function f(t) that corresponds to the given
function F (s).

F (s) =
coth(πs/2)

s2 + 1
.

Ans. f(t) =
2

π
− 4

π

∞∑
n=1

cos 2nt

4n2 − 1
.∗

Solution

The inverse Laplace transform of the given function for F (s) is defined by the Bromwich integral,

f(t) =
1

2πi

ˆ γ+i∞

γ−i∞
est

coth(πs/2)

s2 + 1
ds =

1

2πi

ˆ γ+i∞

γ−i∞
est

cosh(πs/2)

(s2 + 1) sinh(πs/2)
ds,

where γ is a real constant chosen such that all singularities of the integrand lie to the left of the
infinite vertical line (γ − i∞, γ + i∞) in the complex plane. They occur where the denominator is
equal to zero.

(s2 + 1) sinh(πs/2) = 0

s2 + 1 = 0 or sinh(πs/2) = 0

s = ±i or − i sin(iπs/2) = 0

iπs

2
= kπ, k = 0,±1,±2, . . . →


s0 = 0

sn = 2in, n = 1, 2, . . .

sn= −2in, n = 1, 2, . . .

Figure 1: This is the complex plane with the singularities of the integrand marked as well as the
vertical line (γ − i∞, γ + i∞).

∗This is actually the rectified sine function f(t) = |sin t|. See the authors’ “Fourier Series and Boundary Value
Problems,” 7th ed., pp. 7–8, 2008.
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The integral is evaluated by considering a closed loop integral in the complex plane containing
this vertical line and then applying the Cauchy residue theorem to get an equation, allowing us to
solve for it. Let the vertical line loop around to the bottom by a semicircular arc to the left as
illustrated in Figure 2 so that the integral is positively oriented.

Figure 2: This is the closed loop that will be considered to calculate the inverse Laplace transform.

Now that the integration path is closed, the Cauchy residue theorem can be applied, which states
that the integral over this path is equal to 2πi times the sum of the residues inside the loop.

ffi
C
est

coth(πs/2)

s2 + 1
ds = 2πi

[
Res
s=0

est
coth(πs/2)

s2 + 1
+ Res

s=i
est

coth(πs/2)

s2 + 1
+ Res
s=−i

est
coth(πs/2)

s2 + 1

+
∑
n

Res
s=sn

est
coth(πs/2)

s2 + 1
+
∑
n

Res
s=sn

est
coth(πs/2)

s2 + 1

]
Expand the left side.

ˆ γ+iR

γ−iR
est

coth(πs/2)

s2 + 1
ds+

ˆ
CR

est
coth(πs/2)

s2 + 1
ds

= 2πi

[
Res
s=0

est
coth(πs/2)

s2 + 1
+ Res

s=i
est

coth(πs/2)

s2 + 1
+ Res
s=−i

est
coth(πs/2)

s2 + 1

+
∑
n

Res
s=sn

est
coth(πs/2)

s2 + 1
+
∑
n

Res
s=sn

est
coth(πs/2)

s2 + 1

]
In the limit as R→∞ all the singularities become enclosed, making the series on the right side
infinite. Also, the integral over CR tends to zero. Proof for this statement will be given at the end.

ˆ γ+i∞

γ−i∞
est

coth(πs/2)

s2 + 1
ds = 2πi

[
Res
s=0

est
coth(πs/2)

s2 + 1
+ Res

s=i
est

coth(πs/2)

s2 + 1
+ Res
s=−i

est
coth(πs/2)

s2 + 1

+

∞∑
n=1

Res
s=sn

est
coth(πs/2)

s2 + 1
+

∞∑
n=1

Res
s=sn

est
coth(πs/2)

s2 + 1

]
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The residues at s = 0, s = sn, and s = sn are calculated by

Res
s=0

est
coth(πs/2)

s2 + 1
=
p(0)

q′(0)

Res
s=sn

est
coth(πs/2)

s2 + 1
=
p(sn)

q′(sn)

Res
s=sn

est
coth(πs/2)

s2 + 1
=
p(sn)

q′(sn)
,

where

p(s) = est cosh(πs/2)

q(s) = (s2 + 1) sinh(πs/2) → q′(s) = 2s sinh(πs/2) + (s2 + 1) cosh(πs/2) · π/2.
The 2s sinh(πs/2) term vanishes upon substituting 0 or sn or sn. We have

p(0)

q′(0)
=

1

π/2
=

2

π

p(sn)

q′(sn)
= e2int

cosh inπ

(−4n2 + 1) cosh inπ · π/2
= − 2

π

e2int

4n2 − 1

p(sn)

q′(sn)
= e−2int

cosh(−inπ)
(−4n2 + 1) cosh(−inπ) · π/2

= − 2

π

e−2int

4n2 − 1
.

Consequently,

Res
s=0

est
coth(πs/2)

s2 + 1
=

2

π

Res
s=sn

est
coth(πs/2)

s2 + 1
=

2

π

e2int

1− 4n2

Res
s=sn

est
coth(πs/2)

s2 + 1
=

2

π

e−2int

1− 4n2
.

The residues at s = ±i cannot be calculated in the same way because p(±i) = 0. The series
expansions of the integrand about s = i and s = −i have to be considered instead, and the
residues will be the coefficients of 1/(s− i) and 1/(s+ i) in the respective series. The expansion
of a function f(s) about s = i is written as

f(s) = f(i) + f ′(i)(s− i) + 1

2
f ′′(i)(s− i)2 + 1

6
f ′′′(i)(s− i)3 + · · · ,

so each of the functions in the integrand expand as

est = eit + teit(s− i) + 1

2
t2eit(s− i)2 + · · ·

cosh
πs

2
= cosh

iπ

2
+
π

2
(s− i) sinh iπ

2
+
π2

8
(s− i)2 cosh iπ

2
+
π3

48
(s− i)3 sinh iπ

2
+ · · ·

= cos
π

2︸ ︷︷ ︸
= 0

+
iπ

2
(s− i) sin π

2
+
π2

8
(s− i)2 cos π

2︸ ︷︷ ︸
= 0

+
iπ3

48
(s− i)3 sin π

2
+ · · ·

sinh
πs

2
= sinh

iπ

2
+
π

2
(s− i) cosh iπ

2
+
π2

8
(s− i)2 sinh iπ

2
+
π3

48
(s− i)3 cosh iπ

2
+ · · ·

= i sin
π

2
+
π

2
(s− i) cos π

2︸ ︷︷ ︸
= 0

+
iπ2

8
(s− i)2 sin π

2
+
π3

48
(s− i)3 cos π

2︸ ︷︷ ︸
= 0

+ · · · .

www.stemjock.com



Churchill Complex Variables 8e: Section 89 - Exercise 8 Page 4 of 7

The expansion of the integrand about s = i is then

est
cosh(πs/2)

(s2 + 1) sinh(πs/2)
=
[
eit + teit(s− i) + · · ·

] 1

(s+ i)(s− i)

iπ
2 (s− i) +

iπ3

48 (s− i)
3 + · · ·

i+ iπ2

8 (s− i)2 + · · ·

=
[
eit + teit(s− i) + · · ·

] 1

(s+ i)

π
2 + π3

48 (s− i)
2 + · · ·

1 + π2

8 (s− i)2 + · · ·

=
[
eit + teit(s− i) + · · ·

] 1

(s+ i)

[
π

2
− π3

24
(s− i)2 + · · ·

]
=

π/2

s+ i
eit +

π

2

s− i
s+ i

teit + · · · .

There is no term with 1/(s− i) in the expansion about s = i, so we conclude that

Res
s=i

est
coth(πs/2)

s2 + 1
= 0.

The expansion of a function f(s) about s = −i is written as

f(s) = f(−i) + f ′(−i)(s+ i) +
1

2
f ′′(−i)(s+ i)2 +

1

6
f ′′′(−i)(s+ i)3 + · · · ,

so each of the functions in the integrand expand as

est = e−it + te−it(s+ i) +
1

2
t2e−it(s+ i)2 + · · ·

cosh
πs

2
= cosh

−iπ
2

+
π

2
(s+ i) sinh

−iπ
2

+
π2

8
(s+ i)2 cosh

−iπ
2

+
π3

48
(s+ i)3 sinh

−iπ
2

+ · · ·

= cos
π

2︸ ︷︷ ︸
= 0

− iπ
2
(s+ i) sin

π

2
+
π2

8
(s+ i)2 cos

π

2︸ ︷︷ ︸
= 0

− iπ
3

48
(s+ i)3 sin

π

2
+ · · ·

sinh
πs

2
= sinh

−iπ
2

+
π

2
(s+ i) cosh

−iπ
2

+
π2

8
(s+ i)2 sinh

−iπ
2

+
π3

48
(s+ i)3 cosh

−iπ
2

+ · · ·

= −i sin π
2
+
π

2
(s+ i) cos

π

2︸ ︷︷ ︸
= 0

− iπ
2

8
(s+ i)2 sin

π

2
+
π3

48
(s+ i)3 cos

π

2︸ ︷︷ ︸
= 0

+ · · · .

The expansion of the integrand about s = −i is then

est
cosh(πs/2)

(s2 + 1) sinh(πs/2)
=
[
e−it + te−it(s+ i) + · · ·

] 1

(s− i)(s+ i)

− iπ
2 (s+ i)− iπ3

48 (s+ i)3 + · · ·
−i− iπ2

8 (s+ i)2 + · · ·

=
[
e−it + te−it(s+ i) + · · ·

] 1

(s− i)

π
2 + π3

48 (s+ i)2 + · · ·
1 + π2

8 (s+ i)2 + · · ·

=
[
e−it + te−it(s+ i) + · · ·

] 1

(s− i)

[
π

2
− π3

24
(s+ i)2 + · · ·

]
=

π/2

s− i
e−it +

π

2

s+ i

s− i
te−it + · · · .

There is no term with 1/(s+ i) in the expansion about s = −i, so we conclude that

Res
s=−i

est
coth(πs/2)

s2 + 1
= 0.
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As a result,

ˆ γ+i∞

γ−i∞
est

coth(πs/2)

s2 + 1
ds = 2πi

(
2

π
+
∞∑
n=1

2

π

e2int

1− 4n2
+
∞∑
n=1

2

π

e−2int

1− 4n2

)

= 2πi

[
2

π
+
∞∑
n=1

2

π

1

1− 4n2
(e2int + e−2int)

]

= 2πi

[
2

π
+

∞∑
n=1

2

π

1

1− 4n2
(2 cos 2nt)

]

= 2πi

(
2

π
− 4

π

∞∑
n=1

cos 2nt

4n2 − 1

)
.

Divide both sides by 2πi.

1

2πi

ˆ γ+i∞

γ−i∞
est

coth(πs/2)

s2 + 1
ds =

2

π
− 4

π

∞∑
n=1

cos 2nt

4n2 − 1

Therefore, the inverse Laplace transform of F (s) is

f(t) =
2

π
− 4

π

∞∑
n=1

cos 2nt

4n2 − 1
.
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The Integral Over CR

The objective here is to show that

lim
R→∞

ˆ
CR

est
coth(πs/2)

s2 + 1
ds.

ˆ
CR

est
coth(πs/2)

s2 + 1
ds =

ˆ
CR

est
1

s2 + 1

cosh(πs/2)

sinh(πs/2)
ds

=

ˆ
CR

est
1

s2 + 1

exp(πs/2) + exp(−πs/2)
exp(πs/2)− exp(−πs/2)

ds

=

ˆ
CR

est
1

s2 + 1

exp(πs) + 1

exp(πs)− 1
ds

The parameterization of the semicircular arc with radius R in Figure 2 is s = Reiθ, where θ goes
from π/2 to 3π/2.

=

ˆ 3π/2

π/2
eRe

iθt 1

(Reiθ)2 + 1

exp(πReiθ) + 1

exp(πReiθ)− 1
(Rieiθ dθ)

=

ˆ 3π/2

π/2
eR(cos θ+i sin θ)t 1

R2e2iθ + 1

exp[πR(cos θ + i sin θ)] + 1

exp[πR(cos θ + i sin θ)]− 1
(Rieiθ dθ)

=

ˆ 3π/2

π/2
eRt cos θeiRt sin θ

1

R2e2iθ + 1

exp(πR cos θ) exp(iπR sin θ) + 1

exp(πR cos θ) exp(iπR sin θ)− 1
(Rieiθ dθ)

Now consider the integral’s magnitude.∣∣∣∣ˆ
CR

est
coth(πs/2)

s2 + 1
ds

∣∣∣∣ =
∣∣∣∣∣
ˆ 3π/2

π/2
eRt cos θeiRt sin θ

1

R2e2iθ + 1

exp(πR cos θ) exp(iπR sin θ) + 1

exp(πR cos θ) exp(iπR sin θ)− 1
(Rieiθ dθ)

∣∣∣∣∣
≤
ˆ 3π/2

π/2

∣∣∣∣eRt cos θeiRt sin θ 1

R2e2iθ + 1

exp(πR cos θ) exp(iπR sin θ) + 1

exp(πR cos θ) exp(iπR sin θ)− 1
(Rieiθ)

∣∣∣∣ dθ
=

ˆ 3π/2

π/2

∣∣∣eRt cos θ∣∣∣ ∣∣∣eiRt sin θ∣∣∣ |1|
|R2e2iθ + 1|

|exp(πR cos θ) exp(iπR sin θ) + 1|
|exp(πR cos θ) exp(iπR sin θ)− 1|

∣∣∣Rieiθ∣∣∣ dθ
=

ˆ 3π/2

π/2
eRt cos θ

1

|R2e2iθ + 1|
|exp(πR cos θ) exp(iπR sin θ) + 1|
|exp(πR cos θ) exp(iπR sin θ)− 1|

Rdθ

≤
ˆ 3π/2

π/2
eRt cos θ

R

|R2e2iθ| − |1|
|exp(πR cos θ) exp(iπR sin θ)|+ |1|
|exp(πR cos θ) exp(iπR sin θ)| − |1|

dθ

=

ˆ 3π/2

π/2
eRt cos θ

R

R2 − 1

exp(πR cos θ) + 1

exp(πR cos θ)− 1
dθ

=

ˆ 3π/2

π/2
eRt cos θ

1
R

1− 1
R2

exp(πR cos θ) + 1

exp(πR cos θ)− 1
dθ

So we have ∣∣∣∣ˆ
CR

est
coth(πs/2)

s2 + 1
ds

∣∣∣∣ ≤ ˆ 3π/2

π/2
eRt cos θ

1
R

1− 1
R2

exp(πR cos θ) + 1

exp(πR cos θ)− 1
dθ.
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Take the limit of both sides now as R→∞.

lim
R→∞

∣∣∣∣ˆ
CR

est
coth(πs/2)

s2 + 1
ds

∣∣∣∣ ≤ lim
R→∞

ˆ 3π/2

π/2
eRt cos θ

1
R

1− 1
R2

exp(πR cos θ) + 1

exp(πR cos θ)− 1
dθ

Because the limits of integration are constant, the limit may be brought inside the integral.

lim
R→∞

∣∣∣∣ˆ
CR

est
coth(πs/2)

s2 + 1
ds

∣∣∣∣ ≤ ˆ 3π/2

π/2
lim
R→∞

eRt cos θ
1
R

1− 1
R2

exp(πR cos θ) + 1

exp(πR cos θ)− 1
dθ

Since θ is between π/2 and 3π/2, the cosine of θ is negative. In addition, R and t are positive, so
all the exponential functions tend to zero, which means the integral tends to zero.

lim
R→∞

∣∣∣∣ˆ
CR

est
coth(πs/2)

s2 + 1
ds

∣∣∣∣ ≤ 0

The magnitude of a number cannot be negative.

lim
R→∞

∣∣∣∣ˆ
CR

est
coth(πs/2)

s2 + 1
ds

∣∣∣∣ = 0

The only number that has a magnitude of zero is zero. Therefore,

lim
R→∞

ˆ
CR

est
coth(πs/2)

s2 + 1
ds = 0.

www.stemjock.com


